Abstract. Pairs of systems, which consist of a system of sequents and a natural deduction system for some part of intuitionistic logic, are considered. For each of these pairs of systems the property that the normalization theorem is a consequence of the cut-elimination theorem is presented.
Introduction
In [3] Gentzen introduced the system of sequents and the natural deduction system for intuitionistic logic (the systems LJ and NJ ) and classical logic (the systems LK and NK ). The main theorem of the systems of sequents is the cut-elimination theorem, and in the natural deduction systems the normalization theorem is the central one. In the systems of sequents cut-free derivations, i.e., derivations without cuts, are the most important derivations, and the most important natural deduction derivations are normal derivations, i.e., derivations without maximum formulae and maximum segments.
Transformations of derivations and mapping which connect derivations from the systems of sequents and natural deduction systems were introduced in [3] and [8] (see the Introduction in [11] for details). In the papers [2, 3, 5, 7, 8, 11] a system of sequents and a natural deduction system for some fragments of intuitionistic logic were considered. In each of these papers the similarities and differences between the system of sequents and the natural deduction system were presented. One of the main goals of almost all the papers mentioned above was to study the connection between the cut-free derivations and the normal derivations. There are two levels of that connection. The first level is the connection between these derivations. The second level is the correspondence between the cut-elimination procedure in systems of sequents and the normalization procedure in natural deduction systems.
If we want to present a connection between the cut-elimination procedure in a system of sequents and the normalization procedure in a natural deduction system for intuitionistic logic, then that connection should have some of the following characteristics:
(1) the system of sequents and the natural deduction system almost coincide with Gentzen's systems LJ and NJ, respectively;
(2) the set of reductions of the cut-elimination procedure (i.e., a set of transformations of sequent derivations) contains transformations of sequent derivations which are necessary in that procedure, and these transformations are standard transformations from the well-known proofs of cut-elimination or mix-elimination theorems (see for example [3] ); (3) the set of reductions of the normalization procedure contains transformations of natural deduction derivations which are necessary in that procedure, and these transformations are standard transformations from the well-known proofs of normalization theorems (see for example [8] ); (4) these sets of reductions of both procedures contain other possible transformations of derivations.
The problems of the connection between reductions which constitute cut-elimination and normalization procedures are well known (see the Introduction in [11] and Subsection 2.3 below). In [1] , [2] , [7] and [11] different pairs of systems of sequents and natural deduction systems were considered, and their cut-elimination and normalization procedures were connected. The natural deduction systems from [2] , [7] and [11] have the following property: its normalization theorem is a consequence of the cut-elimination theorem of the corresponding system of sequents. In this paper we show that the natural deduction system from [1] has the same property.
In Sections 2 and 3 we briefly present the results from [2] , [7] and [11] and their characteristics. In Section 4 we consider the system of sequents and the natural deduction system from [1] , the systems ℰ and ℰ, and we show that the normalization theorem of the system ℰ is a consequence of the cut-elimination theorem of the system ℰ.
Connections between standard reductions of cut elimination and standard reductions of normalization
In [11] Zucker defined a system of sequents, the system , and a natural deduction system, the system , which cover full intuitionistic predicate logic, and which are very similar to Gentzen's systems LJ and NJ, respectively. He also defined the map which connects derivations from and . Zucker's conversions of derivations in the system (which make the set of reductions of the cut-elimination procedure) and conversions of derivations in the system (which make the set of reductions of the normalization procedure) are standard. Moreover, the set of reductions in the system contains all possible conversions of derivations in the system .
2.1.
The systems and . Now we present only Zucker's system . (His system is a standard natural deduction system, i.e., Gentzen's system NJ with explicit contraction (see Section 2.3 in [11] for details).)
A sequent of the system has the form Γ → , where Γ is a finite set of indexed formulae and is one unindexed formula. We only repeat the following about indices of formulae from [11] (for all other definitions see [11] ): a finite nonempty sequence of natural numbers will be called a symbol, and will be denoted by , , . . . ; a finite non-empty set of symbols will be called an index, and will be denoted by , , . . . There are two operations on indices: the union of two indices and , ∪ , is again an index and it is simply a set-theoretical union; and the product of and is × = df { * : ∈ , ∈ }, where * is the concatenation of sequences.
Postulates for the system .
Logical initial sequents:
→ . ⊥-initial sequents: ⊥ → , where is any atomic formula different from ⊥. Inference rules structural rules
operational rules)
left rules right rules
In the rules (∀R) and (∃L) the variable a has to satisfy the well-known restrictions on variables (see 2.3.8.(b) in [11] ).
The connection between the systems
− and − . In [11] Zucker presented standard reductions of the cut-elimination procedure in the system and standard reductions of the normalization procedure in the system . He solved the problem of the connection between reductions of the cut-elimination procedure in the system − and reductions of the normalization procedure in the system − , where the systems − and − are the parts of the systems and which cover (∧, ⊃, ∀, ⊥)-fragment of intuitionistic logic. By using that connection Zucker showed the following (see Theorem 3(a) from 6.8.2 in [11] ):
The normalization theorem in the system − is a consequence of the cutelimination theorem in the system − .
The problems of connections between standard reductions of cut elimination and standard reductions of normalization.
In [11] Zucker presented difficulties of the connection between the usual reductions in the full systems and , i.e., the problems with ∨ and ∃ (see the part 7 in [11] ). When a derivation in the system has the following form
where the last rule of derivation 1 is a left rule r 1 and the last rule of the derivation 2 is a left rule r 2 which makes the cut formula , then there is a very natural conversion in the system : (c*) the rule r 1 , i.e., the last rule of 1 , permutes with the cut, and a new derivation is obtained. So, (*) the derivation is transformed into the derivation and (*) can be a reduction of the cut-elimination procedure in the system . However, Zucker showed that the image of such reduction from the system does not have the corresponding reduction in the natural deduction system . In fact, there are three cases.
(i) If r 1 is a left rule which introduces ∧, ⊃ or ∀ and r 2 is an arbitrary left rule which makes , then the derivations and have the same images in the natural deduction system , (i.e., in the system one derivation corresponds to both derivations and ).
(ii) If r 1 is a left rule which introduces ∨ or ∃ and r 2 is a left rule which also introduces ∨ or ∃ (i.e., the main sign of the formula is ∨ or ∃), then the naturaldeduction images of and are connected by a reduction for maximum segments of the normalization procedure in the system . Thus, in this case the reduction (*) of the cut-elimination procedure in the system has the corresponding reduction of the normalization procedure in the system . Finally, (iii) if r 1 is a left rule which introduces ∨ or ∃ and r 2 is a left rule which introduces ∧, ⊃ or ∀ (i.e., the main sign of the formula is ∧, ⊃ or ∀), then in the system there is not any reduction which corresponds to (*). Namely, the natural-deduction images of and from (*) are different derivations in the system , but they are not connected by any reduction in the system . More precisely, in the system the image of is the derivation with the maximum segment which consists of images of the cut formula of the cut (i.e., the last rule of ), and the image of the derivation is not the contractum of the reduction which is applied to that maximum segment of the image of the derivation .
Connections between new reductions of cut elimination and standard reductions of normalization
To solve the problem from the case (iii) in 2.3 we can change reductions of cut elimination or reductions of normalization. In this section we briefly present two solutions of that problem in which reductions of cut elimination are changed.
The connection between Pottinger's systems
and . Zucker suggested (see the part 7.8.2(b) in [11] ) the new reductions (i.e., conversions) for derivations in the case (iii) above, and he called these conversions "less natural". By using these suggestions Pottinger (in [7] ) connected the cut-elimination procedure in his system of sequents and the normalization procedure in his natural deduction system for intuitionistic propositional logic. The important characteristics of Pottinger's work are that his connection does not have characteristics (1), (2) and (4) above. His systems are some kinds of -calculi (then they cover only propositional part of intuitionistic logic) and his system of sequents does not have contraction as an explicit rule. The set of reductions of the cut-elimination procedure in his system of sequents contains some not standard reductions i.e., Zucker's "less natural" reductions. By using the connection between the cut-elimination procedure in and the normalization procedure in Pottinger showed the following (see Corollary 8.3 in [7] ):
The normalization theorem in the system is a consequence of the cutelimination theorem in the system .
The connection between the systems and . In [2]
Zucker's systems for intuitionistic predicate logic from [11] , the system of sequents (the system ) and the natural deduction system (the system ), were considered. The map which connects derivations from and was also Zucker's map from [11] . The set of conversions (i.e., reductions) of derivations in the system consists of well-known standard reductions from normalization procedures. However, the set of conversions (i.e., reductions) of derivations in the system consists of wellknown standard reductions from mix-elimination and cut-elimination procedures, and modifications of some Zucker's "less natural" conversions from [11] . In [2] the sets of conversions in the systems and and the map have the following characteristics:
(I) in the system its conversions for derivations are sufficient for transforming a derivation into a cut-free one (Cut-Elimination Theorem from Section 3.2 in [2] ); (II) in the natural deduction system the image of each conversion from the set of conversions for the cut-elimination procedure will be either a pair of equal derivations (Theorem 1 from Section 4.1 in [2] ), or several conversions from the set of conversions for the normalization procedure (Theorem 2 from Section 4.2 in [2] ); (III) the map from the set of derivations of into the set of derivations of is onto (2.4.4. Proposition in [11] ); (IV) if a derivation is a cut-free derivation in the system , then the derivation is a normal derivation in the system (Theorem 4 from Section 4.3 in [2] ).
Thus, in [2] a connection between reductions of the cut-elimination procedure in the full system and reductions of the normalization procedure in the full system was made. Moreover, the connection from [2] has the characteristics (1) and (3) above. Zucker's conversions, which are conversions (*) from the case (iii) above (and which make the problematical sequence of reductions in the full system from his example in Section 7 of [11] ) do not belong to the set of reductions of the cutelimination procedure in [2] . So, in that cut-elimination procedure the problem, which was presented in the case (iii), does not exist.
Finally, in [2] the normalization theorem in the full system was proved by using the properties (I), (II), (III) and (IV) above (see Section 4.4 in [2] ). So, we have the following:
The normalization theorem in the system is a consequence of the cut-elimination theorem in the system .
Connections between standard reductions of cut elimination and new reductions of normalization
In [1] a new solution of the problem with the conversion (c*) was presented. That solution is not to change (c*), but to define a new natural deduction system, the system ℰ, whose normalization procedure has the reductions corresponding to the reductions (*) from the system for each left rule r 1 and each left rule r 2 which makes . In [1] the system of sequents is the system ℰ, which is Zucker's system with upper indices (see Section 2.1 from [1] for details), and the natural deduction system is the system ℰ.
The natural deduction system ℰ.
We present the system ℰ from [1] . Postulates in the system ℰ (see Section 2.3 from [1] for details). 
Logical inference rules introduction rules elimination rules
is an atomic formula different from ⊥.
In the rules (∀ ℰ) and (∃ ℰ) the variable a has to satisfy the well-known restrictions on variables. In each of the rules (⊃ ℰ),
and (∃ ℰ) in the brackets [ ] there is the assumption class which is discharged by that rule.
The most important characteristic of the system ℰ is that elimination rules for all connectives and quantifiers are of the same form as the elimination rule of ∨ and ∃ in natural deduction, so all elimination rules make maximum segments. With regard to introduction rules of the system ℰ, they are standard introduction rules from natural deduction. (The system ℰ is similar to the systems from [6] and [10] .) 4.2. The connection between the systems ℰ and ℰ. The map by which each derivation from the system ℰ is connected with a derivation in the system ℰ was defined (see Section 4 from [1] for details). In the system ℰ the set of conversions (i.e., reductions) consists of the reductions (*) for the rules r 1 and r 2 mentioned above and other standard reductions from the well-known cutelimination theorems. In the system ℰ the set of conversions (i.e., reductions) consists of the standard reductions from the well-known normalization theorems and new reductions for the elimination of maximum segments which are made by the elimination rules of ∧, ⊃ or ∀. Now we present one such new reduction, when the elimination rule of ∧ makes a maximum segment. (All other reductions are presented in Section 5.3 in [1] .)
The redex and the contractum are
where in the derivation the formulae ∧ belong to a maximum segment (see Section 5.3 in [1] for details).
In the systems ℰ and ℰ the sets of conversions have the following characteristics:
(I ℰ ) in the system ℰ its conversions for derivations are sufficient for transforming a derivation into a cut-free one (the proof of this is the standard proof of a cut-elimination theorem (see Note 5.3 in Section 5.1 in [1])); (II ℰ ) in the natural deduction system ℰ the image of each conversion from the set of conversions of the cut-elimination procedure from ℰ is either a pair of equal derivations (Theorem 6.1 from Section 6 in [1] ), or a member of the set of conversions for the normalization procedure (Theorem 6.2 and Theorem 6.3 from Section 6 in [1] ); (III ℰ ) the map from the set of derivations of ℰ into the set of derivations of ℰ is onto (the proof of this is very similar to the proof of 2.4.4. Proposition in [11] ); (IV ℰ ) if a derivation is a cut-free derivation in the system ℰ, then the derivation is a normal derivation in the system ℰ (Corollary 6.5 from Section 6 in [1] ).
The normalization theorem in the system ℰ has the following form.
Theorem 4.1. In the system ℰ each derivation can be reduced to a normal derivation.
The proof of the normalization theorem in the system ℰ is very similar to the proof of the normalization theorem in the system from Section 4.4 in [2] . In the system ℰ we consider a derivation . By (III ℰ ), the derivation is the -image of a derivation from the system ℰ, i.e., = . By (I ℰ ), the derivation can be reduced to a cut-free derivation ℱ. By (II ℰ ), for each reduction from the sequence of reductions from to ℱ we have that the -images of its redex and contractum are either the same derivations or they are connected by a reduction in the system ℰ. It means that these reductions make a reduction sequence from = to ℱ in the system ℰ, where (by (IV ℰ )) the derivation ℱ is a normal derivation in the system ℰ. Thus, the derivation is reduced to a normal derivation, the derivation ℱ.
So, the system of sequents ℰ and the natural deduction system ℰ have the same property as the pairs of systems from [2] , [7] and [11] :
The normalization theorem in the system ℰ is a consequence of the cutelimination theorem in the system ℰ.
